Introduction
This paper is concerned with the existence and the stability problems of the operator differential equations (i. e., equations of evolution) of the form
dx(t) d-----i--= A x (t) +f(x (t)), t > 0
(1-1)
where A is a linear, in general unbounded, operator with domain D (A) and range
R(A) both contained in a real Hilbert space H and f is a (nonlinear) function
defined on H into H. It is well known that some semi-linear systems of differential equations, both ordinary and partial, can be reduced to the form (1-1) and in such cases A may be considered as an extension of a linear differential operator. In order to examine the stability of solutions to (1-1), it is only necessary to characterize their properties without actually constructing the solutions. This is done by considering the properties of a nonlinear semi-group because if the operator A +f(.) generates a nonlinear semi-group {T t; t> 0} (see definition 2.1), then a solution to (1-1) starting at t=0 from any element xoED(A) is given by x(t; Xo)=Ttxo for all t>0 with x(0; Xo)=X0. Thus the existence of a solution to (1-1) is ensured and the stability property can be determined from the family of nonlinear operators {T,; t > 0}. The object of this paper is to impose conditions on the operators A andf such that the operator A 1 = A +f(.) generates a nonlinear contraction or negative contraction semi-group in H or in an equivalent Hilbert space of H (see definition 2.4) from which the existence, uniqueness and stability or asymptotic stability of solutions to (1-1) are insured.
The following definitions specify what we mean by a solution, an equilibrium solution and the stability of an unperturbed solution. Definition 1.1. By a solution x(t) of (1-1) with initial conditions x(0)=xeD(A) in a Hilbert space H, we mean the following: (a) x(t) is uniformly Lipschitz continuous in t for each t>0 with x(0)=x; (b) x(t)~D(A) for each t>0 and Ax(t)+f(x(t)) is weakly continuous in t; (c) the weak derivative of x(t) exists for all t>0 and equals Ax(t)+f(x(t)); dx(t) (d) the strong derivative --'-d-/--(=Ax(t))+f(x(t)) exists and is strongly continuous except at a countable number of values t.
The above definition of a solution x(t) is in the sense of a weak solution since x(t) satisfies (1-1) in the weak topology of H. However, by the condition (d), x(t) is an almost everywhere strong solution in the sense that x(t) satisfies (1-1) for almost all values of t > 0 in the strong topology of H. Definition 1.2. An equilibrium solution of (1-1) is an element x e in D(A) satisfying (1-1) (in the weak topology) such that for any solution x(t) of (1-1) with x (0) = Xe llx(t)-xell =0 for all t>0.
It can be shown that if x(t) is a solution of (1-1), then it is an equilibrium solution if and only if Ax(t)+f(x(t))=O for all t>O (cf. [9] The existence problem for the case of a general nonlinear equation of evolution
dx(t) _Axx(t),
(1-2) dt where A1 is a general nonlinear operator with D(AO and R(A1) both in H, has been investigated by KtMUgA [6] , KATO [5] , and by BROWDER [2] ; and the stability problem of the same type of equation has been studied by C. V. PAO in a separate paper [9] which has a close connection with the present work. Because of the implication of a general nonlinear operator differential equation, the application of its results to partial or ordinary differential equations needs additional justification. However, in the case of semi-linear equation of the form (1-1), criteria on the operator A and on the function f are directly applicable to certain partial or ordinary differential equations. Examples of application to partial differential equations are given in the last section in order to illustrate certain steps in applying the results developed for operator differential equations. Further applications to nonlinear partial differential equations will be discussed in a separate presentation.
General Baekgrowad
In this section, we shall introduce some basic definitions and state some theorems from [9] which are fundamental in the development of our results.
